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Introduction 


We begin by letting U = {z E C: |z| < 1} be the open unit disk of the complex plane and A 
denote the class of functions of the form 


f(z) =z+ >. agzř, 
2 k 


which are analytic in U and satisfy the following usual normalization conditions f (0) = f’ (0) — 
1=0. 


Also, let S be the class of functions f € A which are univalent in U. Given two analytic 
functions f and g, the subordination between them is written as f < g or f(z) < g(z), (Z E U). 
In addition, we say f (Z) is subordinate to g(z) if there is a Schwarz function w with w(z) = 0, 
jw(z)| < 1, (z E€ U) such that f(z) = g(w(z)) for all z E€ U. Furthermore, if g(z) is univalent 
in U, then f < g if and only if f(0) = g(0) and f(U) E g(U). 


In [6], [7], for a function f € A and 0 < q < 1 Jackson defined the q-derivative operator D, as 
follows: 


f(qz) - f(z) 
(q-1)z 


and Daf (0) = f’ (0) and Déf (z) =D, (Daf). In case f (Z) = z* for k is a positive integer, 
the q-derivative of f (Z) is given by 


Df (2) = , (zZ #0) 


k k 
ome aie CA D 


Dak = ———— = [kl 
- z(1-q) A 
where [k], defined by 
1-q* 
P= 
[ la p= q 


Asq > 1-andk E N, [k], > k 


From (1.1) and (1.2) we get that 


Daf (z) =1+ [k]qaxz*}. 
q > qk 


As a right inverse, Jackson [6] introduced the q-integral 


| re@dge= 20-4) Daf Cea") 
k=0 


The authors in [1] defined the q - analogue of Ruscheweyh Operator RÅ by 


[k +4- 1q! 


a = k 
Rof (z) aa [Alg! k= Tq!” 


where [k], ! defined by : 


[k]q! = aa = IJa is [1]q. : 5 A fs 


All the details about q - calculus used in this paper can be found in [3] and [4]. 


Also, as q — 1° we have 


[S[k +4 1e! 
jim Raf @) =Z+ Riu È ee 


Z, (k+A—1)! 
L Ak- pi 


= R* f(z) 


where R“f (z) is Russcheweyh differential operator which was defined in [13] and has been 
studied by several authors, for example [9] and [15]. 


The following class of analytic functions can be defined as a result of full utilization of 
subordination and q-derivative principle. 


Definition 1.1 For ġ E€ P,b € C* = C\ {0}, £ = 0 and A > —1. The function f is said to be in 
the class M A p,a(P) if it is satisfies the condition : 


at 2a REPO) + Bz?Dag (DaRi) 


5 RIFO) 1| <42) 


Remark 1.1 It can be seen that, by specializing the parameters, the class M p,a(P) is reduced to 
numerous known subclasses of analytic functions, for example: 


e Ifb=1and f£ =0 we obtain mM? a$) = S4, (9) (Aldweby and Darus [2]). - If A = 0 
and p = 0 we obtain MPC) = Sqp() (Seoudy and Aouf [14]). 


e IfA=0, lity sis p ($) = Map (P) (Suchithra et al. [16]). 


e IfA=Oand Pf =0, limg1 M350 (p) = Sp (¢) (Ravichandran et al. [11]). 


© If A= Oand £ = 0,limgs1M 2p, (=) = S*(b) (Nasr and Aouf [10)). 


e IfA=Oandp = 0, limg1M? 


4-0 (22) = S10) Robertson [12)) 


1-Z 


In 1933 a study conducted by Fekete and Szegé [5] revealed that the maximum valve of 

|a3 — pas | as a function of the real parameters u, for functions belonging to the class S. . 
Following this , several attempts and researchers solved the Fekete-Szeg6 problem for various 
classes of S class in addition to subclasses of functions in A. Similar work is shown in [2], [14] 
and [16]. p this paper, the Fekete-Szegö inequality is obtained for functions in a more general 


class of MÊ as ,() for functions defined above. 


In order to prove and validate our results, following preliminary results are required. 


4. Preliminary Results 


Lemma 2.1 [8] If p(z) = 1 + c1Z + cz? +++ € P of positive real part is in U and u a complex 
number, then 


—yc?| < 2m {1; |24 — 1). 
The result is sharp given by 


1+z? 
— 7 


1+ 
pE) = E and pe) = 7 


Lemma 2.2 [8] If p(z) = 1 + c,z + c2Z? + ++ is a function with positive real part, then 


SIT if v<0 
|c, — ve?| = if 0<v<1 
= if v21 


5. Main Results 


Now is our theorems using similar methods studied by Aldweby and Darus in [2]. 


Theorem 3.1 Let f(z) = 1 + Biz + B2z? + =- € P. If f given by (1.1) is in the class ME, aO) 
and u is a complex number, then 


E [2]4lbB1| l By 

las na| < ay OBEA m fa 7 

2),{ + 6)[2] a — u| (1 + [2],8) [3] Eee 
2],[(1 + B)[2] fox [A+ 1], 


The result is sharp. 


Proof. If f € Me, C$), then there is a function w(z) in U with w(0) = 0 and |w(z)| < 1 in U 
such that 


D, (RÀ 2D; (Da (R4 
p OO) | eager 


Rf (2) 


Define the function p(z) by 


1+w(z) 


=lid dəz? te, 
1 we) + dZ + A2z° + 


p(z) = 


Since w(z) is a Schwarz function, immediately Re(p(z)) > 0 and p(0) = 1. Therefore, 


sg 
swe =o? 2) 


= o (hlaz (a - $) + (a-d a =) 


1 1 C eee 
=1+ 5 Bidz + |5 =B, d2- > +— z224 z? +: 


since 


1 |2zDq(R4f(@)) + Bz?Dy (Da (RAF @))) [G+ Allg - 1+ Ue 
= et Pe Gea 22 ce a 
b RAF) b 
[(1+ [2] 92 )[3]q — 1A + 11,14 + 2lq [1+ B)[2]q — 1][A + 112 HE 
+ eR ee ee ee az — = ee ee oe ae eo Z + TAR 
[2]qb le 


From (3.2) and (3.3), we obtain 


[a + A2] -— 1A + 1a Bıdı 
CEPE, = 2 

[1+ [2142 B] — HIA + Ug + 2a [a + ei] — 1A + 11 2 
[2],b 3 b a2 


or, equivalently, 


bB,d, 
az = 


2[ + B)[2]q — 1][A+ 1l 
_ [2]q oe 
= SEE; 
2[(1 + [2]¢8)[3]q — 1][A + 1],[A + 2]q 
[2],47 b? Be — b(B —B ) 
4| (1 + [2] )I3]q — 1A + 1al + 21a 1G + AORN - 1] Bail 
Therefore, 
atte. [2]4 bB a 
aame N EEE E (dyma) 
where 
Pe PE 2],{(1 + B)[2] oe — ub|(1 + [2]_8)[3]q — 1][A + 2]q 
2 B; MEELA A + Ua T 


Our result now follows by an application of Lemma 2.1. Again by Lemma 2.1, the equality in 
(3.1) is gained for 


1+z? 
1- zZ 


_1+z 7 
p(Z)= 7, & pz) = 
Thus the proof of Theorem (3.1) is complete. 


Setting q — 1-and A = 0 in Theorem 3.1, we obtain the following result 


Corollary 3.1 [16] Let (z) = 1+ Bz + Boz* ++ E P. If f given by (1.1) is in the class 
Mpg, p(Q) and u is a complex number, then 


Jas- nal] <a m fa, E 
SEAN = i sag IB, (1 + 2p) 


(1+ 26) — 24a + 6) bB, 


The result is sharp. 
Taking A = 0 and f = 0 in Theorem 3.1, we obtain the following result. 


Corollary 3.2 [14] Let (z) = 1 + B4Zz + B.z7+-- € P. If f given by (1.1) is in the class 
Sq,b (È) and u is a complex number, then 
B2 
By aif 


bB 


[Pu en- 
([2]q z 1) 


yb 
la; — wa} Smo i 
q 


The result is sharp. 


By using Lemma 2.2, we have the following theorem. 


Theorem 3.2 Let f(z) = 1 + B4z + B2z° +--+ with B4 > 0 and B, = 0. Let 


i 2l [1 + B[2Z]q — 1)’ [A+ 1] te + [4 + 8)[2], - 4 (By — B,)| 
bB2[A + x gl +A- D+ ani - 1)| 

P 2],( + B)[2Z]q — tl [A+ 1] E + [0 + B)[2 T (B> + B)| 
bB2[A + = gl +A- DII E - 1] 


Let f given by (1.1) be in the class m? ae: aC). Then 


|a; — paż| 
[2]4bB> „ PlabB? [2],bB? (e lal + A2] — 1A + Uq — uby/[A + wh), ERR 
Y Y T al A 
< Ehte, ifp SH <p 
— [2]4bB2 _ [2]qbB? (2 Lie + B)[2]q — [A+ 1]q — nby /[å + wk), oo. 
Y Y TT veel [A+ 1], 
where y = [(1 + [2]g8)[3]q — 1][A + 1] q[A + 2]: 
Proof. First, let y < pı 
oaks [2]qbB, 7 
a—Ha3| = (1+ (268 Ble a 1 eye) 
— [2]abB> , PlabB? [2],bB? a uc + B)[2]q —1][A+ 1]q — wby/[A + ae) 
` y y a al Ai] 


Now, let p4 < u < pz, then using the above calculation, we get 


|a3 — aż | < sece A oo 
~ [(4 + [2] gf [B]; — 1A + 1l + 2]¢ 


Finally, if u = p2, then 


[2]qbBy 


as — Has SILAB- Jaraa A” 
= _[2]abB2 _ [2]qbB ia nlc OE a- IA + 1lq pes) 
Sory y WEP-i [A+1 l 


where y = [(1 + [2]48)[3]4 — 1][A + 1]4[4 + 214. 


Taking f = 0 in Theorem 3.2 and knowing that [n], — 1 = q[n — 1]q,[n + 1]q = [n]q + 9” 
and [n + 2], = [n] + q”[2]q, we obtain the following result 


Corollary 3.3 [2] Let p(z) = 1+ Bz + B,z? +--+ with B, > 0 and B, = 0. Let 
(lq +4") (B? +482 -B1)) (lq +4) (B? + a(B2 + B,)) 
(Ila + 97[2]q)B? l (l]a + 97[2]q)B? 


01 = O2 = 
Let f given by (1.1) be in the class Sg 4(@). Then 


|az — wa} 
B2 + Bi (A + q? 7 (lla + le), ifu < g; 
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By 
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